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PART—-A

Answer any five questions. Eech:q&esﬁch ;éa?’ries 4 marks. (5%4=20)

1. Show that a sequence (x,) in ia’*Ban epace I_S bounded if and only if (f(x,))
is bounded for every f e X° . usihg Uniform Botindedness Principle.

2. Define a closed linear map. State open

pping theorem and closed graph
theorem.

3. Let X be a complex Banach sp:
that R, (T)is defined on the
bounded. :

nearmap, and % =p(T). Show
s bounded, if T is closed or

4. Give example for a llnear map h that the pectrum o(T) of T is not compact.

5. Give example for a bounded lunear map WhICh is not compact ‘Give all the details.

6. Define a positive Ilnear map. Showthat |fT>0 then G(T)wﬂl contain no negative
real numbers.

PART —-B

Answer any three questions. Each question carries 7 marks. (3x7=21)

7. Give example for a normed space, which cannot become a Banach space under
any norm. Give all the details. -

8. a) Show that the collection CL(X) of all compact operators on a Banach space
X is closed with respect to the operator norm.

b) Prove that the operator T defined on /2 space by '|"(z;1,5,2,...)=(§1,E~_2
compact.
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9. a) Show that'the collection CL(X) of all compact operators on a
) space X is a two-sided ideal in B(X), the space of all bounded operators on X.

b) If T: H — H is a bounded operator, show that T is compact if and only if
T*T is compact.

10. Show that the residual spectrum o, (T)of a bounded self-adjoint operator on a

Hilbert space H is empty.

11. a) Define projections on a Hilbert space and show that a boundezd operator
P:H—-Hona Hllbert space H isa pro;ectlon if and only iftP=P=P"

b) ShowthatifPisa pro;ecﬂon ona Hllbert space H.then0<P<land [P|=1,
if P is not the zero operator. - o

T SPAC ‘;;IS & bounded hnear operator on
X, then show that ihe Spectral radlus r (T) ofT sansﬂes, T,(T)=lim "T"“

14. LetT: X —> Xbea compact Imear oge(aier en a normed space X. Then show
that for every »=0,the range of T=xtisclosed.
15. a) Show that the spectrum of a bounded self-adjoint operator on a complex
Hilbert space H is real.

b) Show that the spectrum of a bounded self-adjoint operator on a complex

Hilbert space H is a subset'of [m, M], where m= m < Tx,x > and

x=H,[x||=1

M= sup <Txx>.Alsoshow thatm, M are spectral values.
XEH.’EX|=1 ' ]
16. a) if P4, P, are projections on Yy, Y, respectively, then show that P,— Pyisa

projection if and only if Yy < Y.
b) Show thatif P,— P, isa projection, then \its rangeisY," N Y,.




