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Reg. No. : ..............

Name:..............

lV Semester M.Sc. Degree (C.B.S.S. - Supple/tmp.) Examination. April 2025
(2421 and 2O22 Admissions)

MATHEMATICS
MAT4C15 : Operator Theory

Time : 3 Hours Max. Marks : 80

PART _ A

Answer any four questiot-s frorn this Part. Each questior carries 4 marks. (4x4=16)

1 . Let X be a normed space and A = BL(X). Then prove rhat A is invertible if and

only if A is bounded below and surjective.

2. Let X and Y be norrned spaces. Let F, and F^ be rn BL(X. Y) and k e K. Then

prove ihat

1F, + F.)'= F', + F'^ and (kF,)'- kF'.,.

- 3. lf x"5x and Ynly in a normedspace X. then showthat xn*vn5x-y,

4. Let X and Y be normed spaces and F : X -+ Y be linear. Prove that F is a

compact map if and only if for every bounded sequence (x.) in X, (F(x, )) has a

subsequence which converges in Y.

5. Let H be a Hilbert space and A e BL(H). Then prove that Z(A) = R(A-) and

z(A-l = R(A),.

6. Define numerical range of an operator on a Hilbert space and prove or disprove

that it is a closed subset of K.

P.T.O.
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AnsweranyfourquestionsfromthisParlwrthoutomittinganyUnit'Each
question carries 16 marks' 

' ' u'! 
(4x16=64)

Unit - |

7. a) Let X be a normed space and A e BL(X) be of finite rank' Then prove that

o"(A)=ou(A) =o(A)'

b)LetXbeaBanachSpaceoverKandAeBL(X)'Letk=Ksuchthat
lklo " llAollltoiro*u positivainteger p' Then prove that k e o (A) and

8.

L

.n,-n(A-kl)-'--L-,,'
;;K

a) Let X be a nonzero Banach space over c and A e BL(X)' Then prove that

r"(A) = "jlj lln"li'" = lrylln"ii'"'

b)LetXbeanormedSpacean|XobeadensesubspaceofX'ForX,eX,.let
F(x,) denote the restiiction of x'io Xo. Tiren prove that the map F is a linear

isometrY f rom X'onto X'n'

a) Let X be a normed space and (x") ?:..? :t3y":::.il X' Then p]:Y: that (x")

is weak convergent in X if and oniy if (i) (x.) is a.bouncled sequence in X and

(ii) there is som"e x e X such that x,(x.) -i x'(x) ior every x' in some SubSeI

of X' whose span is dense in X''

b)LetXbeaseparablenormedSpace.Thenprovethateverybounded-' 
,aqr"nce in X' hut u rveak' convergent subsequence'

Unit - ll

LetXbeanormedspace.ThenprovethatXisrellexiveifandonlyifevery
bounded sequence in X has a weak convergent subsequence'

a)LetXandYbenormedspacesandF:X-+Ybelinear'|iFiscontinuous
andoifiniierank'thenprovethatFisacompactmapandR(F)isclosed
in y. convurr.iv,'prove that i{ x ano Y are Banach spaces, F is a compact

map and R(F) i; ctoseo in y, then F is continuous and of finite rank'

b)LetXandYbenormedspacesandF:X-+Ybelinear.LetXberei|exive
and F(x.) -+ F(x) in Y whenever x" 5x in X' Then prove that F e CL (X' Y)'

10.

11.
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12. ar Let X be a normed space. A = cL(X) and o = k = K. lf (x") is a bounded
seqlrence in X such that A(x") - kr" -+ y in X. then prove that there is a
-:ubsequence (x^ ) of ix-; such that X", J x in X and Aix) _ kx = y.

b: Let X be a norrneq space and A : X --> X Let o = k = K and y be a proper
closed subspace of X such that (A - kl) tXl : y. Then prove that there is
somex € X such that ilxil = 1 and forall y 

= 
y.

A(x) - ntv) .: *
1

Unit - lll
13. a) Let H be a Hilbert space and A e BL(H). Then prove that there is a unique

B = BL(H) such that for-all X, y e H,

A(x),y = .x. B(y)

b) Let H be a Hilberr space and A e BL(H). prove the following :

i) R(A) = H if anci only if A- is bounded betow.

ii) R(A-) = H if and only if A is bounded befow,

14. a) Let H be a Hilberl space and A e BL(H). Let A be selJ-adjornt. Then prove rnar

llAll= sup{l A(x,1, x l:x e H, ilxll < 1}

and A = 0 ii and only if A(x), x) = 0 foratl x = l-J.

b) Let A e BL(H) be sell-adioint. Then prove that A or -A rs a posiiive operator
if and only if i,A(x) y,,i'. (A(x), x,,A(y).y ior all x, y = H.

15. a) Let H + {0} and A = BL(H) be self-adjoinr, Then prove that

{mo, M^} c o"(A) = o(A) c [mo, MoJ.

b) Let H + {0}. Let A e BL(H) be self-ad1oint. Then prove that

llAll = max{lmol, lMol} = sup{lkl : k = o (A)i.


