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ll Semester M.Sc. Degree (C.B.S.S. - Supplementary)
Examination, April 2025
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MATHEMATICS

MAT 2C 0Z : Measure and Integration

Time . 3 Hours Max. Marks : 80

PART _ A

Answer any four questions from this Part. Each question carries 4 marks. (4x4=16)
1. Prove that m.([x]) = 0 for any x e R.

2. Prove that every Borel set is measurable.
3. Prove that if f and g are measurable. 

I f i=l g la.e., and g is integrable, then f
is integrable.

4. Prove that the intersection of hereditary o-rings is again a o-ring.
5. Let f = g a.e' (pt). where pr is a complete measure. Show thai if f is measurable.

so is g.

6. lf p(f, o) = llt - gllr' then prove that, for p > 1, p is a metric on Lp(s).

PART _ B

Answer any four questions from this part without omitting any Unit.
Each question carries 16 marks.
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(4x16=64)

Unit - |

7. a) Let M be the class of Lebesgue measurable sets. Prove that M is a o-algebra.
b) Prove that Lebesgue outer measure is countably additive on disjoint

measurable sets.

8. Prove that the following statements regarding the set E are equivalenr
a) E is measurable

b) Ye > 0, there exists O, an open set, O: E such that m-(O _ E) < e

c) there exists G, a Go-set, G l: E such that m-(G - E) = 0
d) Ve > 0, there exists F, a closed set, F c E such that m*(E _ F) < e
e) there exists F, a F.-set, F: E such that m.(E _ F) = 0.

P.T.O.
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9. a) Show that there exists uncountable sets of zero measure.

bi Prove that there exisis a non-measurable set.

Unit - ll

10. Define integrable functions. Let f and g be integrable functions. Then prove the
following.

a) af is integrable and Jafdx = aJtOx

b) f +gisintegrableand f(f +O)dx=ftO*-fOO*

c) lf f = 0 a.e., then 
JtOx = O

d) lf f <ga.e.,then Jfdx<JOot
e) lf A and B are disioint measurable sets, then IA iox + Je fdx = io _, fdx.

11. a) State and prove Lebesgue's Dominated Convergence Theorem.

b) Show that limu-*, fitt*lsin Bxdx : 0 .

12. a) The outer rn""rrr" p* on H(R) defined by p on R and the corresponding
outer measure defined by ir on S(R) and p on S. are the same.

b) lf p is a o-finite measure on a ring R, then prove that it has a unique extension
to the o-ring S(R)

Unit - lll

13. a) Let0 < p < 1 andf t0, g>0, f, g e Lp(pt).Showthat lf -gll, >]ltll,*llgli,

b) Let {fn} is a sequence in L'(LL) such that ]lt" -t,1,. - 0 as n, m --+ ':, then

prove that there exist a function f such that limf^ = f a.e., f = L'(pr) and

liml]f"-f]l:c=9.

14. Leip> 1 andf, g e Lp(pr), rhen provethat (Jir -oi'dp)t.(Jlr'or,); *(jigl'dp)t

When does the equality occur ? Justify your answer.

15. State and prove Holder's inequality. When does the equality occur ? Justify.


