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MATHEMATICS
MSMATO01CO03 : Real Analysis
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PART — A
Answer any five questions from this Part. Each question carries 4 marks : (5x4=20)
1. Define countable sets. Prove that the set of all integers is countable.
2. State and prove the distributive law of unions and intersections.
3. Define limit of a function . Show that if f has a limit at p, then this limit is unique.

4. Give an example of a function f which has a discontinuity of the second kind
at every point x on the domain. Justify.

5. Suppose f is differentiable in (a, b). ' (x) = 0 for all x € (a, b), then prove
that f is monotonically increasing.

6. Iff, € R (a) and f, ¢ R(a) on [a, b], then prove thatf, + 1, € R(o) and
[, +1) da = do - ['F, da .

PART - B

Answer any three questions from this Part. Each question carries 7 marks :
(3x7=21)

7. Let A be the set of all sequences whose elements are the digits 0 and 1.
Then prove that this set A is uncountable.
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8. Prove that a mapping f of a metric space X into a metric space Y is
continuous on X if and only if ' (V) is openin X for every open set Vin Y.

9. Give an example of a monotonic function f on (a, b) which is discontinuous
at every point of a countable subset E of (a, b) and at no other point of (a, b).
Justify.

10. Give an example of a function which is differentiable at all points x, but f' is not
a continuous function.

11. State and prove the fundamental theorem of calculus.

PART-C

Answer any three questions from this Part. Each question carries 13 marks :
(3x13=39)

12. If a set E in R¥ has one of the following properties, then prove that it has the
other two :
a) Eis closed and bounded.
b) E is compact.
¢) Every infinite subset of E has a limit pointin E.

13. Define connected sets. Prove that a subset E of the real line R is connected
if and only if it has the following property :

lfxe E,ye Eandx<z<vy, thenze E.

14. a) Let f be monotonically increasing on (a, b). Then prove that f (x +) and f(x -)
exist at every point of x of (a, b) and sup,_,f(t) = f(x =) <f(x) <f(x +) = in
feres (D). Alsoifa < x <y < b, then prove that f(x +) < f(y -).

b) Prove that monotonic functions have no discontinuities of the second kind.
c) Let f be monotonic on (a, b). Then prove that the set of points of (a, b) at
which f is discontinuous is at most countable.

15. State and prove L’Hospital's rule.

16. Explain rectifiable curves. If v" is continuous on [a, b}, then prove that vis
b
rectifiable and A(y) = L |v/(1)]dt,




