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PART - A
Answer any five questions. Each question carries 4 marks.

1. Define linear transformation. Let T : R2 —» R? be defined by T(x, y) = (1 + X, y).
Is T linear ? Justity.

2. Find the range and rank of the identity transformation on R2.

3. Define dual space. If V is a vector space of dimension n, find the dimension of
the dual space V*.

4. Let T be alinear operator on R? defined by T(x, y) = (=Y. X). Find the characteristic
values of T.

5. State Cyclic decomposition theorem.

6. Let V be an inner product space. Prove that |(/B)l<] e {[|B] for any vectors
o.fpe V. (5x4=20)

PART -B
Answer any three questions. Each question carries 7 marks.

7. Let V, W be vector spaces over the field F and L(V, W) be the set of all linear
transformations from V into W. Prove that L(V, W) is a vector space over F with
respect to the addition and scalar multiplication defined by
(T +U) (o) = To + U and (cT) (o) = c(To), where T, UL (VW) andce F.
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8. Let T be the linear operator on R® defined by
T(Xy, Xp, Xg) = (BXq. Xq = Xg, 2Xq + X + Xg). Is T invertible ? If so find T,

9. Let V be a finite dimensional vector space over the field F. For each ¢ in V
define L, (f) = f(w), fin V*. Prove that the mapping o — L is an isomorphism
of V onto V*".

10. Let V be a finite dimensional vector space over the field F and let T be a linear
operator on V. Prove that T is diagonalizable if and only if the minimal polynomial of
T has the form p = (X —¢4) ... (X —Cy), where Cy, ..., G are distinct elements of F.

11. Let T be a linear operator on a finite dimensional vector space V over the field F.
Suppose that a minimal polynomial for T decomposes over F into a product of
linear functionals. Then prove that there is a diagonalizable operator D on V
and a nilpotent operator N on V such that
Also show that the diagonalizable operator D and the nilpotent operator N are

uniquely determined by (i) and (i) and each of them is a polynomial in T. (3x7=21)

PART - C
Answer any three questions. Each question carries 13 marks.

12. a) Let V be an n-dimensional vector space over the field F, and let W be an
m-dimensional vector space over F. Prove that the space L(V, W) is finite
dimensional and has dimension mn.

b) Prove that every n-dimensional vecior space over the field F is isomorphic
to the space F".

13. Let B= {04, Oy, o5} be basis for C° defined by a4 = (1, 0, - 1), o, = (1,1, 1),
oy = (2, 2, 0). Find the dual basis of 5.

14. Let T be a linear operator on R3 which is represented in the standard ordered

[-9 4 4
basis by the matrix | -8 3 4 ! Prove that T is diagonalizable by exhibiting
\_—16 8 7]

a basis for R3, each vector of which is a characteristic vector of T.

15. Let T be a linear operator on a finite dimensional vector space V. If f is the
characteristic polynomial for T, prove that f(T)=0.

16. State and prove Gram Schmidt orthogonalization process. (3x13=39)




