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35. Suppose N is even, say N=2M, ze /*(Z,) and x,y, we 1?(Zy2). Then
prove that D(z) » w = D(z » U(w)) and U(x) « U(y) = U{x + y).

36. Letw e /%(Z,,)- Then prove that {ka}-:: is an orthonormal basis for (%)

w(n)[=1vneZy.

SECTION - D

if and only if

(Answer any 2 questions out of 6 questions. Each question carries 6 marks.) (2x6=12)

37. Let T: I(Z) — [*(Z)be a translation-invariant linear transformation. Then
prove that for each element of the Fourier basis F is an eigenvector of T. In
particular, T is diagonalizable.

38. Prove that : Suppose Me N and N = 2M. Let u, ve [?(Z,). Then

B = {Ry Vo {Raul. is an orthonormal basis for *(Zy) if and only if the

system matrix A(n) of u and v is unitary foreachn=0, 1, ..., M- 1.
Equivalently, B is a first-stage wavelet basis for !2(?:"} if and only if

1) [ «fon+Mm)f =2
2) [un)f +[un+Mm) =2
3) G(n)v(n)+a(n+MV(n+M)=0 foralln=0,1, .., M—1.

—+

39. Suppose z IE(E] and w € ['(%). Then prove that
z+wel*(Z)and [z+w| < |w],|z]

40. Suppose / is a positive integer, g, _, € [?(Z) and {Hz-'—mg*—‘ },k ) is orthonormal

in (7). Suppose also that u, v € '(Z) and the system matrix A(8) of u and
vis unitary for all 6. Definef, =g, _,~U"'(v)and g =g, _,» U~'(u). Then
{Hz;kf; llu-.:z U {H;_,;,ﬂg;}m. is orthonormal.

41. Suppose Mc N, N=2M and w € /?(Z,). Then {Rnw}ﬂ___g is an orthonormal

set with M elements if and only it W(n)f* + i(n+ M) =2 forn=0,1, ... M= 1.

42. Suppose w, z < I'(Z). Then prove that the set {R,, W), is orthonormal if and
only if [W(B)[* +|W(6 + n) =2 for all 8 £[0, 7).
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SECTION - A

(Answer any 4 questions out of 8 questions. Each question carries 1 mark.) (4x1=4)
State Fourier inversion formula.

Describe first-stage wavelet basis for [*(Z,,).

Define L* ([-m, n))and L' ([-m, x)).

Define upsampling operator.

Define p"-stage wavelet system for /%(Z).

When we say that a linear transformation from (?(z) to [?(z) is translation
invariant ?

Define conjugate reflection of an element of B(Zy).

8. Foru, ve [*(Z,) and n e 7, how will you define system matrix of u and v ?

O e (D Dy

.

SECTION - B
(Answer any 6 questions out of 12 questions. Each question carries 2 marks.) (6x2=12)

9. Suppose T : F(ZN) — !"'(EN) is a linear transformation. Let A__ be the matrix
representing T in the standard basis E. If T is translation invariant, then prove
that A . is circulant.

10. Letz=(1,1,0,2)andw = (i, 0, 1, i) be vectors in 12(E4}. Then find the vector
Z e« W,

11. Let G =(+/2,1.0,1)and ¥V = (0, 1 V2, 1). Then find A(0) and A(1), where A is the
system matrix,

12. Prove that V(6 + n) = —e"((6). iao
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13. Suppose N is divisible by 2°. Suppose u, v € fE(EN) are such that the system
matrix A(n) is unitary foralln. Letu, =uandv, =vandforall/=2, 3, ... p,

: . 21~ 7 ny ' .
define u, by equation u(n)=Y, .~ u(n+kN/2"") and v similarly with v, in
place ofu . Thenu, v, u,v, ... u, v isap”stage wavelet filter sequence.

14. Prove that 2 ([—"t n)) is vector space.
15. State and prove Plancherel's formula.

16. Suppose MeN and N = 2M. Suppose u < ['(Z). Then prove that
Oy (M) = 6(-27m /N).

17. Suppose w € {'(Z). Then prove that (W*W)+(w=W)' =235,
18. Prove that the trigonometric system {e" | _is an orthonormal setin L2 ([, ).
18. For any w € /*(Zy), then prove that w+3=w.
20. Prove that trigonometric system is complete in L"’{[-n, fr}].
SECTION -C
(Answer any B questions out of 16 questions. Each question carries 4 marks.)(Bx4=32)

21. Let b € /%(z,) and T, be the convolution operation associated with b. Then
prove that T, is translation invariant.
22. Suppose z, w e /%(Z,,). Then prove that for each m, (z*w) " (m) = Z (m) (m).

23. Define T: 2(Z,) — (%(Z,4)by T(2) (n) = 2(n) + 2z(n + 1) + z(n + 3). Find the
eigenvalues and eigenvectors of T, and diagonalize the matrix A representing T in
the standard basis, if possible.

24. Suppose M< [, N = 2M and u = /?(Z,) is such that {szu}t{: is an orthonormal

set with M elements. Define v e /2(Z,) by v(k) = (= 1)*=' U(1=K) for all k. Then

prove that {Flm,w..r}:i_1 U {Haku}t; is a first-stage wavelet basis for [%(Z,,).

0
25. Suppose f:[-n, n) - C is continuous and bounded, say [f(6)| <M for all 6, If
(f, ._:;-'“”} - 2l j“ f(0) e ™'de for alln e Z. Then, prove that {(8) = 0 for all

T |
0e-mn)
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26. Suppose N is divisible by 2 and u, € 1*(Z,)- Define u,  i%(Z,,,) by
u, (n) = u, (n) + u, (n + N/2). Then for all m, Uy(m) = G,(2m).

27. Prove that the Fourier transform Z on L2 ( [, n)) is one-to-one and onto. Also
prove that (z,w) = (2,W) and [z|” = 2"

28. letpeM.Fori=1,2, .., p, suppose thatu, v, «/'(7) and the system matrix
A(0) defined as

1 G(8) @ 1. . . .
= tary for all . Def =V,
A, (D) E[ﬁglﬂ L 7). U +n}J is unitary for all 8 € [0, x). Define f, = v,

g, = u, and inductively, for /=2, 3, ..., p, definef and g, by f =g, ~U""(v),

g,=g, ,+U-"(u). Define B = {Hz‘kf’ keZl1=12 .., p} U{HEFKEh 'k EZ},
Then prove that B is a complete orthonormal set for (7).

29. Suppose M= I and N = 2M. Suppose u, v e ['(Z) are such that
{RaVhez “{RaUkez is a first-stage wavelet system for (°(2). Define
Unge Vi € I2(Zy) bY Upy(m) =Y, u(n+kN)and vy, (n) =3 v(n+kN). Then
M1 Mt , "
prove that {Rpvy }h=n U {szum,}m is a first-stage wavelet basis for /7(Z,,).

30. Define E, E,, ..., E, € I*(Zy) by E.(n) = i19.-2"""““"‘ forO=smn<N-1.

N

Thenthe set {(E , E,, ..., E,_,} is an orthonormal basis for P(Zy).

31. Suppose H is a Hilbert space and T : H — H is a bounded linear
transformation. Suppose the series Z,,szn converges in H. Then prove that
T(X, %) =Y., T(x.) where the series on the right converges in H.

neZ " n
32. Prove that 1*(Z) is complete.

33. Suppose T : *(Z) — I*(Z) is a bounded, translation-invariant linear
transformation. Define b = [°(Z) by b = T(8). Then prove that for all
ze P(Z),T(2)=b+ 2

34. Suppose T:L*([-m, 1)) - L*([-n, =) is a bounded, translation-invariant
linear transformation. Then prove that, for each m £ 7z, there exists A, € C
such that T(e™) =™



