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26. Suppose u, v, e/'(Z) for each /€N and the system matrix A (6) defined as
1 w (0 vi 6)
A ! (ﬂ) = T = ( ) -~ (
2lu(0+n) vi(0+n)

is unitary for all 6 [0,n). Define f, = u,, g, = v, and inductively for / € N,
I = 2,definefandg byf=g, ,~U"'(v), g=g _,+*U"'(u). Foreach leN,
define V_,as V., = {3 z()Rg, 12 = (2(K)),., =/* (Z) } Suppose

=F a
NV, = {0 } @and B is defined as B={Nik:KeLIeN} Then prove that
B is a complete orthonormal set in /% (Z).

SECTION-D

Answer any 2 questions out of 4 questions. Each question carries 6 marks ; (2x6=12)

27. Prove that : T : [I*(Zy) —1?(Z,) be a linear transformation. Then T is a

Fourier multiplier operator T _ for some me 1*(Zy) if and only if the matrix
representing T in the Fourier basis F = {F, F , ..., F,,_ } is a diagonal matrix D.
Moreover, if T =T _ is a Fourier multiplier operator, then the diagonal matrix
D=[d_],0=<mn =< N-1satisfiesd _=m(n)forn=0,1,.., N-1.

28. SupposeN=2"1 <p <nandu,v,u,V, .., u,v forma p"stage wavelet
filter sequence. Suppose z & I° (Z ). Then prove that the output
{Xey Xy Hgpeons Xy Al of the analysis phase of the corresponding p" stage
wavelet filter bank can be computed using no more than 4N + N log,N complex
multiplications.

29. Suppose v,w e/'(Z) and z € !*(Z). Then prove that
a) (z=w)"(0)=2z(0)W(b)ae.
b) Z-w=w=:2Z.
C) ve{w=+2)=(v+w)+2

30. Suppose that u,ve/'(Z). Then prove that B={Ryv }, ,U{Ryu },.. is a
complete orthonormal set in I* (Z) if and only if the system matrix A(8) is
unitary for all 6 [0, 7).
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SECTION - A
Answer any 4 questions out of 5 questions. Each guestion carries 1 mark . (4x1=4)
1. Let Ey = (E, (0).E, (1))= :}5(11) and E, = (€, (0)E; (1)) = 71%.(1.-1_} . Then prove
that {E,, E,} is an orthonormal basis for 2(Z;).
2. Define p™ stage wavelet filter sequence.
3. For uve/*(zy)and ne Z, how will you define system matrix of u and v ?

4. Define a translation operator on L¥([-=, x,)).

5. Define downsampling operator and upsampling operator on /* (Z).

SECTION -B

Answer any 6 questions out of 9 questions. Each question carries 2 marks : (6x2=12)

6. Prove that for z < /*(Z, )(E)A (m)=z(-m)=z(N-m), for all m.

7. LetAbean N x N matrix, A=[a_ ],0 =m,n < N-1. Suppose A is
circulant. Define b e I (Z,) by b(n) = a_ for all n. Then prove that for all

zel*(Zy), Az=b*z=T(z).

P.T.O.
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10.
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12.

13.

14.

LA T

Suppose z, we /* (Zy ). Then prove for any k  Z, that z*w (k)= (z, R,w) and
zrw(k)=(z, Rw).

Suppose M e N, N = 2M and z /* (Z,, ). Define z*= 1% (Z,,) by
z*(n) = (=1)"z(n) for all n. Then prove that (z*) ~(n) = z(n + M) for all n.

Suppose z= (2, 5, - 1, i) € [? (Zy, ). Give example of a upsampling operator U(z).
Prove that triangle inequality holds in L3([- =, n)).

State and prove Parseval's relation.

Suppose u,v /' (Z) are such that {Bzw heez UfR2U oo is a first stage

wavelet system for /* (Z). Suppose also that u(n) = v(n) =0 ¥ n < 0 and

¥n>N-1. Define u, v, e/*(z,) by Uy(n)=u(n) andv, (n)=v(n) for

n=0,1,2,.. N-1. Then prove that {qu"’m: }:‘; U {szumj }k’“‘; is a first-stage
wavelet basis for I (Z,,). o

Prove that v (6 + )= - e“"a(_(})_

SECTION -C

Answer any 8 questions out of 12 questions. Each question carries 4 marks : (8x4=32)

15

16.

i

18.

Define E,, E,, ..., E, , €/ (Zy) by E, (n) = fﬁez"-'m"-"” for0 < m,n<N—1.
Then the set {E, E,, ..., E,,_,} is an orthonormal basis for 1% (Z, ).

Letb e/°(Zy) and T, be the convolution operation associated with b. Then
prove that T is transilation invariant.

Prove that T: /% (Z,) — 1* (Zy) be a linear transformation. Then T is a
convolution operator if and only if T is a Fourier multiplier operator.

Letw <72 (Z, ). Then prove that {R.W f«-0 is an orthonormal basis for 1°(Zy)

if and only if ‘fﬁ (n}[ =1v¥neZ,.

O 0 =

19.

20.

27,
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23.

24.

25.
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Suppose N is even, say N = 2M, ze/*(Z,) and x, y, wel*(Zy,). Then
prove that

D(z) » w = D(z » U{w)) and
U(x) " Uly) = U(x + y).

Suppose N is divisible by 2" and u,, v, U,, v, ..., U, v is a p"-stage wavelet
filter sequence. Define f,, 1, ..., f,, 9., @,, ..., g, inductively by f, =v,, g, = u,,
f=g_,*U-'"(v)g =g _,+U-"(u)Then prove thattf,f,...f, g generate a

p"-stage wavelet basis for 1* (Z,).

Suppose @, e (-m,n) and «> 0 s sufficiently small that - n< 6, —u <6 + a<m.
Define intervals | = (8, — «. 6, + «) and J = (6, — «/2. 8, + «/2). Then prove that
there exists & > 0 and a sequence of real-valued trigonometric polynomials
{p. () {,., such that

a) P,(0)z1voel
b) P, (0)=(1+3) ,voed
c) 1|:lI1 (H}| <170 e [-m,m)\I,
1 fg At 1 ip® — i
Suppose feL'([-n,x)and (fe") = 2—! f(6)e ™ do=0,vneZ. Then prove
[~ opd,
that f(8) =0 a.e.

Suppose z, w e[ (Z). Then prove that

a) z,z'el*(Z)and R,z /* (Z).for allk e Z.
b) (2)” (8)=2z(0).

¢) ()" (0)=2z(0+n).

Suppose ue/'(Z)and {R,ul, ., is orthonormal in /? (Z) . Define a sequence

vel'(Z) byv(k) = (-1 'u(1-k). Then prove that {RyV }.:U{RxU }y.; is a
complete orthonormal system in /* (Z) .

Suppose M e 4 and N = 2M. Suppose u,v ' (Z) are such that
Ra¥ JiezU R Ji is a first-stage wavelet system for /* (Z). Define

Ugy Vi € I#(Zy) by ugy(n) = ZH_ u(n+kN)and v, n= ZM v(n+kN), Then

- M—1 : '
prove that {thvm] }:‘; L {szumy }k; is a first-stage wavelet basis for I (Z,,).



